Let G be a (finite or infinite) graph with vertex set V(G) and edge set E(G). A partition P = {vi: i E Z} of V(G) is called a k-partition if [Vi1 s k for every i E I.
Let the graph Gp be defined by (i) V(Gp) = {vi: i E Z}, (ii) l$l$ E E(G,)exy E (G) for some x E l$, y E l$ (i #j). Given an infinite graph G, let deg,(G) denote the least d for which there exist a natural number k and a k-partition P of V(G) such that the degree of every vertex of G,, is at most d.
Further, let where d&x, y) denotes the distance of x and y in G. Obviously, deg,(G) < 2 implies that b,(n) = G(n). On the other hand, Cenzer and Howorka formulated the following attractive
In what follows, we are going to exhibit a counter-example. For any finite graph G, let k(G) denote the smallest k for which there is a k-partition P of V(G) such that the degree of every vertex of Gp is at most 2. Let ?;-denote the j-level complete binary tree, whose ith level contains 2'-' vertices, each of them having 2 'sons' at level i + 1 (1 c i <j). defined for all i <j, then take a rooted tree Ty-, isomorphic to (but disjoint from) T,'_l, and a new vertex r(T$ which is connected to r(T,'_,) and to r(Ty_,) by disjoint paths p' and p" of length 3'-' such that (V(p') U V(p")) II (V(Tj_,) U V(Ty_,)) = {r(Ti_,), r(Ty_l)}. Let T,! =p' Up"U Ti_l U Ty_z. Set T' = LJ,"=l Ti.
Simple calculations show
Claim 2. b,,(n) C 10n for every n.
To disprove the Conjecture, we have to note only that deg,(T') < 2 would imply the existence of a k-partition P of V(T'), for some k, such that every vertex of G, has degree at most 2. This, in turn, would yield that k(T,') s k for every j, which contradicts Claim 1.
